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We investigate a Coulomb gas in a potential satisfying a weaker growth 
assumption than usual and establish a large deviation principle for its empirical 
measure. As a consequence the empirical measure is seen to converge towards 
a non-random limiting measure, characterized by a variational principle from 
logarithmic potential theory, which may not have compact support. The proof 
of the large deviation upper bound is based on a compactification procedure 
which may be of help for further large deviation principles. 

•S: 

1 Introduction and statement of the result 

Consider the distribution of N real particles xx, ■ ■ ■ ,xn which interact like a 2D 
Coulomb gas at inverse temperature /3 > under an external potential. Namely, let 

■ Ptv be the probability distribution on W N with density 

■ N ^<i<j<N i=l 

\ where the so-called potential V : R — > R is a continuous function growing sufficiently 

fast as |x| — > oo so that 

Z N =f - f ff \x i -x j \ l3 T\e- NV ^dx l < +oo. (1.2) 

y ^ i<it<^v f=i 

For /3 = 1 (resp. (3 = 2 and 4) such a density is known to match with the joint 
eigenvalue distribution oi a N xN orthogonal (resp. unitary and unitary symplectic) 
invariant Hermitian random matrix [DG09]. In this work, our interest lies in the 
limiting global distribution of the X{ S clS N — > oo, that is the convergence of the 
empirical measure 
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Note the fj, N, s are random variables taking their values in the space Mi(M) of 
probability measures on R, that we equip with the usual weak topology. The almost 
sure convergence of (yu )jv towards a non-random limit \iy is classically known to 
hold under the hypothesis that there exists ft > 1 satisfying ft > j3 such that 

lim jV(z) -/3'log|x|) = +00, (1.4) 

|x|— Kso I J 

that is, as \x\ —^00, the confinement effect due to the potential V is stronger than 
the repulsion between the Xi's. The limiting distribution fiy is then characterized 
as the unique minimizer of the functional 

M/i) = J J F v (x,y)dn(x)dn(y), fi G A4i(R), (1.5) 

where we introduced the following variation of the weighted logarithmic kernel 

iV(x,y) = ?-\og—^— + )-V{x) + \v{y), x,yeR. (1.6) 
2 |rc — 2/| 2 2 

A stronger statement, first established by Ben Arous and Guionnet for a Gaussian 
potential V(x) = x 2 /2 [BAG97] and later extended to arbitrary continuous potential 

V satisfying the growth condition (1.4) [HPOO], [AGZ10], is that (/2 N )n satisfies a 
large deviation principle (LDP) on .Mi(R) in the scale N 2 and good rate function 
Iy — Iy(/iy). It is moreover known that fiy has a compact support [AGZ10, Lemma 
2.6.2]. 

It is the aim of this work to show that such statements still hold, except that fiy 
may not have compact support, when one allows the confining effect of the potential 

V to be of the same order of magnitude than the repulsion between the Xj's. Namely, 
we consider the following weaker growth condition: there exists ft > 1 satisfying 
ft > f3 such that 

liminf \v(x) -ftlog\x\\ > -00. (1.7) 

\x\— >oo I J 

More precisely, we will establish the following. 
Theorem 1.1. Under the growth assumption (1.7), 

(a) The level set {/i € A / (i(lR) : Iv{n) < a } is compact for any a£l. 

(b) Iy admits a unique minimizer fiy on 

(c) For any closed set T C A^i(R), 

limsup-^ logP^/i* G T) < - tof {/v(aO -Iv(p*v)}- 



(d) For any open set O C A^i(R), 
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Note that (1.7), together with the inequality \x — y\ < (1 + \x\)(l + |y|), x, y G R, 
yields (1.2) and that Fy is bounded from below, so that Iy is well defined on .Mi(R). 

A consequence of Theorem 1.1 (b) and (c), together with the Borel-Cantelli 
Lemma, is the almost sure convergence of {^ n )n towards fi v in the weak topology 
of Mi(R). Namely, 

Corollary 1.2. For any neighborhood B C A4i(R) of fly, 

lim F N (fi N 4 b) =0. 

Let us now give a simple example arising from random matrix theory where the 
limiting distribution fi y has unbounded support. 

Example 1.3. On the space T-Ln(C) of N x N Hermitian complex matrices, consider 
the probability distribution 

det(I N + X 2 )- N dX, 

where In 6 T~Ln is the identity matrix, dX the Lebesgue measure oiH N ~R N and 
Zn a normalization constant. Performing a spectral decomposition and integrating 
out the eigenvectors, it is known that the induced distribution for the eigenvalues is 
given by (1.1) with j3 = 2, V(x) = log(l + x 2 ), and some new normalization constant 
Zjy. One can then compute (see also Remark 2.2) that the minimizer of (1.5) is the 
Cauchy distribution 

dfJ>y{x) = —— — ^-dx. (1.8) 

7T(1 + X z ) 

Remark 1.4. (Exponential tightness and compactification) 

The proof of Theorem 1.1 under the stronger growth assumption (1.4) presented in 
[BAG97],[HP00],[AGZ10] follows a classical strategy in LDPs theory (see e.g [DZ98] 
for an introduction), that is to control the deviations of (/j, n )n towards arbitrary 
small balls of A4i(M), and then prove an exponential tightness property for (/j, n )n 
: There exists a sequence of compact sets (Kl)l C .Mi(R) such that 

lim sup lim sup — ^ logPjv^ w ^ Kl] = — oo. (1.9) 

Under the weaker growth assumption (1.7), it is not clear to the author how to 
prove the exponential tightness for (/j, n )n directly, and we thus prove Theorem 1.1 
by using a different approach. We adapt an idea of [HK11] and map R on a circle S, 
homeomorphic to the Alexandrov compactification of R by the inverse stereographic 
projection T, then push-forward A4i(R) to Aii(S), and take advantage that the 
latter set is compact for its weak topology. More precisely, it will be seen that it is 
enough to establish upper bounds for the deviations of (T*fi N )N, the push-forward 
of (/j, N )]\f by T, towards arbitrary small balls of Aii(S). The latter fact is possible 
thanks to the explicit change of metric induced by T. 

The next section details the proof of Theorem 1.1. We first describe the an- 
nounced compactification procedure in Section 2.1. Then, we study (T*/j, n )n and 
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a related rate function on Mi(S) in Section 2.2. From these informations, we are 
able to provide a proof for Theorem 1.1 in Section 2.3. Finally, we discuss in Sec- 
tion 3 some generalizations concerning the support of the Coulomb gas and the 
compactification procedure of possible further interest. 

2 Proof of Theorem 1.1 

We first describe the compactification procedure. 
2.1 Compactification 

Let S be the circle of R 2 centered in (0, 1/2) of radius 1/2 and T : R — > S the 
associated inverse stereographic projection, namely the map defined by 

It is known that T an homeomorphism from R onto S \ {oo}, where oo = (0, 1), so 
that (<S,T) is an Alexandrov compactification of R. For [i £ .Mi(R), we denote by 
T^/j, its push-forward by T, that is the measure on S characterized by 

/ f(x)dT^(x) = [ f(T(x))dn(x) (2.1) 
JS JR 

for every Borel function / on S. Then the following Lemma holds. 

Lemma 2.1. T* is an homeomorphism from Ali(R) to {/x € M\(S) : /u({oo}) = 0}. 

Proof. The inverse of T* is given by push backward via T. Namely, for fi G A4\(S), 
set T^~ 1 fi(A) = n(T(A)) for all Borel set A C S. T^ 1 is well-defined since 
T + _1 /i(R) = n(S \ {oo}) = 1 as soon as /i({oo}) = 0, and then T* and T* -1 are 
clearly reciprocal. For any continuous function / on S, f o T is continuous and 
bounded on R, and thus T* is continuous on .Mi(R) by definition (2.1). To show 
the continuity of T* -1 , consider a sequence (hn)n in .Mi(<S) with weak limit \i and 
assume that /j,n({oo}) = for all N and //({oo}) = 0. Then, for any e > 0, the outer 
regularity of \i and the weak convergence of (jttjv)jv towards /i yield the existence of 
a neighborhood 5 C 5 of oo such that 

limsup/iAr(-E>) < fJ>(B) < e, 

and thus the sequence (T* -1 [in)n is tight. As a consequence, since / o T _1 is 
continuous on 5 for any continuous function / having compact support in R, the 
continuity of T*~ l follows. 

□ 

The next step is to obtain an upper control on the deviation of (T*[i n )n towards 
arbitrary small balls of M\(S). 
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2.2 Weak LDP upper bound for 
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The change of metric induced by T is given by [AN07, Lemma 3.4.2] 

\T(x)-T(y)\= j=t^ = , x,yeR, (2.2) 

where | • | stands on both sides for the Euclidean norm. From the potential V we 
then construct a potential V : S — > R U {+00} in the following way. Set 

V(T(x)) = F(x)-^log(l + x 2 ), xGR, (2.3) 

and 

V(oo) = liminf \v(x) - f log(l + x 2 )}. (2.4) 

\x\— >oo 12 J 

Note that the growth assumption (1.7) is equivalent to V(oo) > —00, so that V is 
lower semi-continuous on S. As a consequence the kernel 

F v {z lW ) = ^\og—^— + \v{z) + \v(w), z,w£S, (2.5) 
2 \z — w\ 2 2 

is lower semi-continuous and bounded from below on S x S, and the functional 

J V ( M ) = J J F v (z,w)dn(z)dfi(w), fj,eMi(S), (2.6) 

is well-defined. The potential V has been built so that the following relation holds 

I v (n) = I v (T,n), n€Mi(R). (2.7) 
Indeed, we obtain from (2.2), (2.3) and (2.1) respectively that 

F v (x,y)dn(x)dn(y) 

{2 log |r(x)-r(y)| + \ V W) + \ V ( T ^) } M*W(y) 

^log^^ + l -V{z) + \v{w)\ dT^{z)dT^{w) 
2 \z — w\ 2 2 J 

Fv(z, w)dT*ix(z)dT*^(w). 
Let us come back to Example 1.3. 

Remark 2.2. (Example 1.3, continued) For (3 = 2 and V(x) = log(l + x 2 ), we 
have V = and thus from (2.7) 

M/») = //log , . dT*n{z)d%n(w), /ieMi(R). (2.8) 
JJ \z-w\ 

By rotational invariance, the minimizer of 

log - — - — r dv(z)du(w), v € MAS), 
\z — w\ 

has to be the uniform measure Us of 5, and thus the minimizer jj, v of Iy is given 
by the push-backward Tt,~ l Us which is easily seen to be the Cauchy law (1.8). 
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Given a metric d on Aii(S), compatible with its weak topology (such as the 
Levy-Prohorov metric, see [D02]), we denote for the associated balls 

B(/z,<5) = g Mi(S) : d(ji,u) < 5}, neMi(S), 5 > 0. 

The following Proposition regroups all the informations concerning an d (T*/j, n )n 
needed to establish Theorem 1.1 in the next Section. 

Proposition 2.3. 

(a) The level set {/]£ Aii(S) : Iv(p-) < a} is closed, and thus compact, for any 
ael. 

(b) Jv is strictly convex on the set where it is finite. 

(c) For any /i G .Mi(<S), we Ziaue 

limsuplimsup— ^logl^jvPivfT;^ G B(/i,<J))| < -I V (/*). 

The proof of Proposition 2.3 is somehow classical and inspired from the ideas 
developed in [BAG97] (c.f. also [HP00], [AGZ10],[HK11]). 

Proof, (a) It is equivalent to show that ly is lower semi-continuous. Since F\> is 
lower semi-continuous, there exists an increasing sequence (F^ 1 )^ of continuous 
functions on S x S satisfying Fy = sup M Fy . We obtain for any \i G M.\(S) by 
monotone convergence 

Iv(/-0 = sup / / Fy 1 (z,w)d/j,(z)dfj,(w), 

M J J 

and Iv is thus lower semi-continuous on Aii(S) being the supremum of a family of 
continuous functions. 

(b) Denote for a (possibly signed) measure on S its logarithmic energy by 

/(//) = [[ log —L-dn(x)dn(y) (2.9) 
JJ \x-y\ 

when this integral makes sense. Let fx, u G M\(S) such that Ivil 1 ) < +°° an d 
/y( l/ ) < +00. In particular, because V is bounded from below and S is compact, 
they also satisfy \I(fx)\ < +00 and \I{v)\ < +00 . Then, for any < t < 1, we have 

I v (tfi + (1 - t)i/) = t 2 I v (v) + (1 - i) 2 /v(^) - *(1 - t)i"(^ - f)- 

Moreover, since I(/U — f) > with equality if and only if fx = v [CKL98, Theorem 
2.5], the strict convexity of /y where it is finite follows. 

(c) Introduce for i = 1, . . . , N the random variables Zi = T(xi) where the x^s 
are distributed according to (1.1) so that 



N 

.N 



= 4 XX ( 2 - 10 ) 

i=l 
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We can easily compute the distribution for the z^s induced by (1.1). Indeed, with 
V defined in (2. 3), (2. 4), we obtain from the metric relation (2.2) that 

Y~ II Ixi-Xjffle-WMdxt 

N ±<i<j<N i=l 
1 N 

=y~ n i^(^) -^(^)i^n (i - in^)! 2 )^^-^^^-- ios(i+i ^ |2) )^ 

N ±<i<j<N i=l 
N l<i<j<N i=l 

where A stands for the push-forward by T of the Lebesgue measure on R. As a 
consequence, we have 

= f...f , n i-i-^f n(i-i^iy /2 e-^) dA( ^. 

7 y{,e5^:r.M w 6Ba.,«)} i< t y<jy 7=1 

(2.11) 

Then, with .Fy defined in (2.5), one can write 

N 

l<i<j<N i=l 

N 

= exp{- F v ( Zl ,z 3 )}l[(l - Iztff^e-V^dX^) 

l<i^j<N i=l 

r r N 

= exp{-iV 2 // F v (z,w)dT^ N (z)dT^ N (w)^Y[(l-\z l \ 2 )^ 2 e- v ^dX(z i ). 

(2.12) 

With F$f as in the proof of Proposition 2.3 (a) above, we have 

ff F v (z,w)dT^ N {z)dT^ N (w)> I f F^(z,w)dT^ N (z)dT^ N (w). 

(2.13) 

Moreover, since P^v-almost surely 

T^ N ®T^ N ({(x,y) eS xS : x = y}) = -, 
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we obtain conditionally to T*fi N G B(fj,, 8) 

F^{z, w)dT^ N {z)dT^ N {w) 



> 1 1 F^(z,w)dT^ N (z)dT,fi N (w) - -J- maxF^ 

1 V Sy.S 

> inf 



inf / / F™{z,w)du{z)dv{w) - ^maxF v M . (2.14) 



From (2.11)-(2.14) we find 

log{z JV Pjv(T; i u iV GB( )U ,(5))} 



< -i\T inf F${z,w)dv{z)dv{w) (2.15) 

+ iV (max^v + log y (1 - k| 2 )^ /2 e _V(2:) dA(2)j . 

Note that by performing the change of variables z = T(x) and using the growth 
assumption (1.7) it follows that 

/ (1 - \z\ 2 f' 2 e~ v ^d\(z) = f e~ v ^dx < +oo, 
Js Jm. 

and thus (2.15) yields 

limsup-^loglz^Pjvfr,/^ 6 B(fjL,5)) \ < - inf If F$f(z, w)dv(z)dv(w). 

(2.16) 

The continuity of the map 

jj F^(z,w)du(z)du(w) 

provides by letting 5 — > in (2.16) 

limsuplimsup-^logjZjvPjvfr*^ G BOM)) j < - // Fy(z, w)dfj 1 (z)dfi(w), 

(2.17) 

and (c) is finally deduced by monotone convergence letting M — > oo in (2.17). □ 

Equipped with Proposition 2.3, we are now in position to prove Theorem 1.1 
thanks to the compactification procedure described in Section 2.1. 

2.3 Proof of Theorem 1.1 

Proof of Theorem 1.1. (a) Since /v(aO = +°° f° r au A 4 G A4i(5) such that //({oo}) > 
0, we obtain from Lemma 2.1 and (2.7) that the levels sets of Iy and Iv are home- 
omorphic, namely for any a£l 

TJn G Mi(R) : I v (n) < a} = {/i G Mi(<S) : J V (m) < 
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Thus, Theorem 1.1 (a) follows from Proposition 2.3 (a). 

(b) Theorem 1.1 (a) yields the existence of minimizers for Iy on .Mi(R). Since 
T* is a linear injection, it follows from (2.7) and Proposition 2.3 (b) that Iy is strictly 
convex on the set where it is finite, which warrants the uniqueness of the minimizer. 

(c) , (d) It is enough to show that for any closed set T C M. \ (M) , 

limsup 4o log \z N P N (fi N £?)}<- inf / v (/x), (2.18) 
and for any open set O C .Mi(R), 

liminf-^logj^Pjvf^ eO)}>- M lvin). (2.19) 
Indeed, by taking T = O = Mi(t) in (2.18) and (2.19), one obtains 

J im ^2 lo S Z N = ~ inf Iv(ji) = ~Iv(p*), 

the latter quantity being finite. 

Let us first show (2.18). We have for any closed set T C .Mi(R) that 

F N U N G J") < Pjv (T*^ G clo(T^)) , (2.20) 

where clo^J 7 ) stands for the closure of T*T in M.\(S). Then, since M.\{S) is 
compact, so is clo(T^J r ) , and by extracting a finite covering of clo(T*J r ) from an ap- 
propriate covering by balls, a classical argument from LDPs theory (see for example 
the proof of [DZ98, Theorem 4.1.11]) yields from Proposition 2.3 (c) that 

limsup — 5 log \z n F n (t*h n G clo(T*T)) }<- inf I v (p). (2.21) 

If ^ G clo^J 7 ), then either G T^J 7 or ^({oo}) > 0. Indeed, let (T^rjN)^ a sequence 
in T*J- with limit f satisfying i/({oo}) = 0. Lemma 2.1 yields rj G .Mi(R) such that 
v = T*77 and moreover the convergence of (i]n)n towards rj. Since F is closed, 
necessarily v G T*F. As a consequence, since IvG") = +°° as soon as //({oo}) > 0, 
we obtain from (2.7) 

inf I v (u) = inf I v (u) = inf I v (u). (2.22) 

/iGcio^J 7 ) (leT^F tie? 

Finally, (2.18) follows from (2.20)^(2.22). 

We now prove (2.19). It is sufficient to show that for any ji G .Mi(R) and any 
neighborhood Q C .Mi(R) of fi we have 

lirrnnf jL \ og {z N F^ N G 0) } > -J v (/i). (2.23) 

For any fc large enough, define fi}. G .Mi(R) to be the normalized restriction of ji to 
the compact [—A;, k]. Then converges towards fi as — )• oo and one moreover 

obtain by monotone convergence that 

lim Iyink) = Iy(n). 

k— >oo 
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As a consequence, it is enough to show (2.23) under the extra assumption that the 
/i's are compactly supported, so that the statement (2.19) is independent of the 
growth assumption on V. Thus, one can reproduce the proof of [AGZ10, Theorem 
2.6.1] to show (2.23). The prove of Theorem 1.1 is therefore complete. □ 

3 Generalizations 

In this section we consider some generalizations of the result and the method pre- 
sented in the previous sections. 

3.1 Concerning the support of the Coulomb gaz 

One could replace R, that is the set where the particles X{'s are distributed, by 
a closed subset A C C with positive capacity, and (1.1) still makes sense. By 
positive capacity we mean that there exists \i G .Mi (A) with finite logarithmic 
energy !(//) < +oo, see (2.9). We would then use the inverse stereographic projection 
from C to the Riemann sphere, and a similar compactification procedure as described 
in Section 2.1 can be achieved (see [HK11] for more details). Then, parts (a), 
(b) and (c) of Theorem 1.1, and thus Corollary 1.2, hold without any substantial 
change of their proofs. Note that our proofs also cover the case where V is less 
regular, namely V : A — > R U {+00} is only lower semi-continuous so that the set 
{x G A : V(x) < +00} has positive capacity. Concerning Theorem 1.1 (d), if we 
still assume V to be continuous, one can easily perform an approximation procedure 
similarly to the one in the proof of Theorem 1.1 (d) to match with the setting 
presented in [B109] , so that a full LDP holds. 

3.2 Concerning the compactification procedure 

Most of our proofs concerning the compactification procedure fit with a more general 
setting for which we summarize the consequences now. 

Let X be a locally compact, but not compact, Polish space and consider a se- 
quence (// < )n of random variables taking values in the space Ai\(X) of Borel prob- 
ability measures on X . Let (X, T) be an Alexandrov compactification of X , that is a 
compact set X with an element 00 G X such that T : X — > X is an homeomorphism 
on its image T(X) and X \ T(X) = {00}. Define T* to be the push-forward by T 
similarly as in (2.1). We equip Aii(X) with its weak topology, so that it becomes 
a compact Polish space, and denotes B(fj,,S) the ball centered in \i G Mi(X) with 
radius 5 > 0. 

Let (oat) n and (Zn)n be two sequences of real positive numbers with liiri/v-^oo ajy = 
+00. Assume there exists a map <& : Mi(X) — > R U {+00} which satisfies the fol- 
lowing. 

(a) For all \x G A4i(X), 4>(/i) = +00 as soon as /i({oo}) > 0. 

(b) For all n G Mi{X), 

limsuplimsup — log {z n V n (t^ n g B(fi,6))} < -$(//)• 
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Then for any closed set F C M\(X), 



limsup \og{z N W N (n N G T] \ < - inf $or t (/i). 

Moreover, $ has compact level sets (resp. is strictly convex on the set where it is 
finite) if and only if $ o T* has (resp. is). 

A similar strategy is used in [HK] where a LDP is established for a multi-type 
particles 2D Coulomb gas related to an additive perturbation of a Wishart random 
matrix model. 
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